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Abst rac t - -Th is  paper extends the results of Goh [1], mad Takeuchi and Adachi [2,3] concerning 
the generalized linear Volterra model. We introduce a piecewise linear Volterra model for a two- 
species ystem. The solution of the steady-state problem is then shown to be equivalent to finding 
the solution to the Generalized Linear Complementarity Problem. We show when this nonnegative 
equilibritun is unique and globally asymptotically stable in the sense of Goh [1]. 
1. INTRODUCTION 
Generalized Volterra systems have been studied in great detail. In general, the model for this sys- 
tem is represented by ~(t) = X(t) F(z(t)) for a diagonal matrix X(t), where the diagonal entries 
of the matrix are the corresponding entries in z(t), and some continuous nonlinear function F(z). 
In most of the previous papers [1-4], F(z) is taken to be linear. Goh [1] and Case and Casten 
[4] first considered using a Lyapunov function to show that a partially feasible solution (where 
some species become xtinct) is globally asymptotically stable in the sense of Goh [1]. Takeuchi 
and Adachi [2,3] showed that finding the solution of the steady-state problem, for a linear F(z), 
is equivalent o finding the solution to the Linear Complementarity Problem and were then 
able to obtain existence and uniqueness results for a nonnegative equilibrium, as well as global 
asymptotic stability. For a piecewise linear approximation to F(z) in a two-species system, we 
find that a nonnegative equilibrium is equivalent to finding the solution of the 2 × 2 Generalized 
Linear Complementarity Problem (provided that the representative matrices of the system are 
P-matrices). Hence, we obtain an existence and uniqueness result for such a system [5,6]. We 
will show that for the two-species system, this nonnegative equilibrium is globally asymptotically 
stable provided that we can find a positive diagonal 2 x 2 matrix D such that the product of D 
with each representative P-matrix of the system is positive definite. We present a result for when 
such a D exists. 
2. MODEL AND DEF IN IT IONS 
Consider the following system of autonomous differential equations 
xi = zi F i(z l ,z2, . . . ,zm),  i=  1, . . . ,m, (I) 
where F~ is a continuous nonlinear function of the community of m species, with z~ being the 
population of the i th species. Physically, we can restrict zi >_ 0 for each i. Mathematically, 
for a reasonable F(z), we see that if we have an initial nonnegative distribution of the species, 
then the zi's remain nonnegative. This is known as a generalized nonlinear Volterra model, first 
studied by Lotka and Volterra. 
DEFINITION 1. Let A be a tea/m × m matrix. I f  there exists an m × m positive definite diagonal 
matr ix D ~ D A+A T D is positive definite, then A E Sw. These matrices are sometimes referred 
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to as diagonally positive quasi-definite, say DPQD. I fD  is the identity matrix, then A is said to 
be positive quasi-definite, say PQD. 
DEFINITION 2. A is an m X m P-matriz (A E P), if all of the principal minors of A are positive. 
(Note that every A E Sw is a P-matrix. Every 2 x 2 P-matrix is in Sw .) 
DEFINITION 3. The Complementarity Problems are the following a/gebra/c rather than differen- 
tim problems: 
F indz>OBfor i=  1, . . . ,  m, 
(i) F , (x )  = - ET--  ",i xi <_ o, and x, F,(xx, Xm) = o. 
This problem is referred to as the Linear Complementarity Problem (LCP). 
(ii) F(t ) (z)  = a~ k) - E~=I a(t),j -,'" - < O, for each k = 1, • •., ni, and x, I-I~=t F(t ) (z)  = O. 
This problem is referred to as the Generalized Linear Complementarity Problem 
(GLCP). 
( i i i )  F(z) is nonlinear, F(x) _< 0 and xi Fi(z) - 0 .  
This problem is referred to as the Nonlinear Complementarity Problem (NCP). 
Note that GLCP can be turned into an equivalent NCP by letting Fi(x) = maxt=l ..... n Fi(k)(x). 
The solution to a Complementarity problem is such that the i th component of x is O, the i th 
component of F(z)  is O, or both are 0. We will be interested in those systems (1) where the 
stable steady-state solution turns out to be the solution to a Complementarity Problem. 
DEFINITION 4. x* >_ 0 is said to be a solution to the steady-state of ( l ) ,  or an equilibrium o f (O  , 
i f  ~ = O, for i = 1, . . . ,  m. 
DEFINITION 5. Let 9~ m represent m-dimensional Euclidean space. Let P = {i : i = 1,. . .  ,p}, 
Q = {i : i = p + 1, . . . ,  m}, and g = P U Q. I f  x* is a steady-state of (1), where z~ > 0 for i E P, 
P nonempty, and z* = 0 for i E Q, then let 9~. m = {x • 9t m : zi > 0 for i • P, and xj >. 0 for 
j •Q}.  
DEFINITION 6. A nonnegative, non-zero equilibrium point z* of system (1) is said to be stable 
with respect to ~t~ if[ 
(i) for every ¢ > O, there exists a 6t > 0 such that for every z(0) • 9t. m with Ix(0) - x*[ < 6c 
we have that x(t) remains in fit. m and [z(t) - x*[ < ¢ for t >__ 0. 
It is said to be globally asymptotically stable with respect o fit. m, if, in addition to (1), the following 
holds 
(ii) for z(0) • 9t. ~, every solution, x(t) ~ z* as t --, +co. 
Henceforth, we will refer to this as global asymptotic stability. This definition is equivalent to 
that of global sector stability as defined by Goh [1]. The difference between this and the usual 
definition of stability and global asymptotic stability as defined by most textbooks is that here 
the trajectories followed are those starting in a nonnegative part of an open neighborhood of the 
equilibrium, rather than those starting in such an open neighborhood. 
THEOREM 1. Let x* in 9tin. be a non-zero equilibrium point for system (1). Let V : 9tin. ---, 9t 
be a continuously differentiable function such that 
(a) V(x*) = 0 and VO:) > 0 i f x  ~ x*, x • 91~ (we say that V is positive definite); 
(b) V(x) <_ 0 for all z • 9~,m: where ~/ : fR, m ---* Yt is the function defined by l/(x) = 
W(x)  X F(x)  (we say that V is negative semi-definite on ~R,m), 
then x* is stable with respect to 9t. ~. 
Furthermore, i f  in addition 
(c) l/(x) < 0 for all x ~ x*, x • 9~, m (we say that ~/ is negative definite on ~R,m); 
(d) V (x )  --, oo as Ilxll --, oo,  and v (z )  ---, oo  as x, 0, for i such that t~ ~ 0 
hold, then x* is globally asymptotically stable with respect o 9t. m (i.e., in the sense of Goh). 
V(z) is referred to as a Lyapunov function for x*. 
Vo l ter r&  ecosystem 
3. STABIL ITY  AND RESULTS 
FOR THE TWO-SPECIES  GENERAL IZED VOLTERRA SYSTEM 
Now consider the system of differential equations 
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&i = xi Fi(x), i - 1,2, 
F i (x )=max {fl~1,,~2)}, (2) 
where ~k) a~k) 2 and .?) = - = - )-~=1 uii i" Physically, we restrict 
xl,x2 >_ 0. If the equilibrium point x* is to be stable, then we need Fi(x*) <_ 0 for i E Q, 
and Fi(x*) - 0 for i E P. This stable equilibrium point x* for (2) is a solution to the following 
NCP. 
xi >__ 0, 
~1) A(2) < 0, i=  1,2, (3) , /'-% _ _  
xi El(x) = 0. 
Note that finding the solution to this NCP is equivalent to finding the solution to the correspond- 
ing GLCP and El(x) is as defined for (2). 
DEFINITION 7. The representative matrices of system (3) is the set of 2 x 2 matrices whose first 
row is [a~'l ) a~i)zJ for some i= 1, 2 and whose second row is la 6) 4' '1 for some j= 1, 2. 
If representative matrices of system (3) are all P-matrices, then there exists a unique solution 
of system (3) [5,6], and so a unique linearly stable equilibrium point x* exists for system (2). We 
will now show global asymptotic stability for this equilibrium point. 
THEOREM 2. Let V(x) = ~iee  di {xi - x~. - x~. ln(xi/x~)} + ~"~ieO di xi for the two-species 
model. 
Assume that an equilibrium point x* >_ 0 exists for (2). Suppose that there exists a positive 
definite diagonal matrix D so that DA + ATD is positive definite for every representative ma- 
trix A of system (3). Then V(x) is a Lyapunov function for x* and satisfies the conditions of 
Theorem 1. Hence, ~* is globally asymptotically stable. 
PROOF. We need to show that conditions (a)-(d) from Theorem 1 are met. In the case where 
x~, x~ are both 0, both species die and this represents an unfeasible solution. Hence, we do not 
consider this case in the following proof. The remaining possibilities here are either x~, x~ are 
both positive or the two cases where one is positive while the other is 0. Note that for i E P, 
Fi(x*) = O, and for i E Q, ~i  --~ X i  - -  X i • 
(a) Clearly, V(x*) = O. V(x) has been shown to be a positive definite function in [1]. 
(b)(c) ~'(x) = E i~v  di (x i -x  *) Fi(x)+ Ei¢Q di Fi(x) xi < E2=1 di (x i -  x *) ( F i (x ) -  F,(x*) ). 
Define 
1, i f f l~l)> fl~2) f 1, iffl~l)* > fl~2)*, 
r i  " -  - -  ' and  S i - -  - -  
2, otherwise, [ 2, otherwise, 
for i=  1,2. 
= -di  (x i -  x~*) r,L[a~,)(x t _ x~) + a(k')i2 (x2 _ x~)ln_ , for i = 1,2, where ki = ri Let Wi( ) 
* and k i = S i  if xi < x i • if xl > x i , 
Then V(x) < WI(X) + W2(z) = -1 /2 (x  - x*) (DA + ATD)  (.x - x*), where A is one of 
the representative P-matrices. Thus, I?(x) < 0 for z # x* and v(~*) = 0. 
(d) It is obvious that as [Ix[[--, c~ and as xi --* 0, for i such that ~ # 0, V(x) --* +oo. l 
Clearly, if all of the representative matrices of system (3) are P-matrices and are positive 
quasi-definite, then global asymptotic stability is guaranteed for any nonnegative quilibrium. 
28 G.J. HABETLER, C.N. HADDAD 
DEFINITION 8. [:] o] 
Let A be a 2 x 2 P-matrix of the form a and let D = where a > O. Let c o# 
I = (c -2 (2ad-bc  - 2~ad(ad-bc) ) ,  c -2 (2ad-bc+2~ad(ad-bc) ) )  when c ~ 0 and let 
I = (b2/4a d, co), when c = O. 
Note that  I is the interval  consisting of those a > 0 9 D A is posit ive quasi-definite. Then 
from this follows the next theorem. 
THEOREM 3. Let A(k) for k = 1 , . . . ,  4 be the four representative matrices of system (3), and 
let D = [ ~ O [ where a > O. Let each A (k) be a P-matrix with corresponding interval 
P- -  q 
L J 
I (t) = ( r t , s t ) .  / f I  = N I  (t) ~ ~, then there exists an a such that DA (t) /s positive quasi- 
t 
definite for each k. F~rthermore, the intersection I will be nonempty iff mkax rt <~ n~kn st. 
The extension of Theorem 2 to an m-species problem with each Fi(z) having up to n piecewise 
linear components will appear in a companion paper. This and related results will appear in the 
Ph.D. Thesis of Caroline N. Haddad. 
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